Abstract. This paper presents two ways for the minimization of joint reaction forces due to inertia forces (dynamic joint reaction forces) in a two degrees of freedom (2-DOF) planar serial manipulator. The first way is based on the optimal selection of the angular rotations laws of the manipulator links and the second one is by attaching counterweights to the manipulator links. The influence of the payload carrying by the manipulator on the dynamic joint reaction forces is also considered. The expressions for the joint reaction forces are obtained in a symbolic form by means of the Lagrange equations of motion. The inertial properties of the manipulator links are represented by dynamical equivalent systems of two point masses. The weighted sum of the root mean squares of the magnitudes of the dynamic joint reactions is used as an objective function. The effectiveness of the two ways mentioned is discussed.
Introduction
Determination and optimization of joint reaction forces in various mechanisms in industry represent important tasks. Joint reaction forces directly influence the stress state and friction forces in joints. The references, which consider the problem of minimization reaction forces in the joints of manipulators, are quite rare. So, in [1] the minimization of joint forces in planar kinematic chains was considered. On the other hand, using Routh's idea [2] for representation of a rigid body by a dynamically equivalent system of point masses (also known as equimomental system), the minimization of joint reactions in industrial spatial manipulators was studied in the reference [3] . Note that Routh's idea also is applied in solving the problem of balancing of mechanisms (see [4] [5] [6] ).
In this paper, the minimization of joint reaction forces in a two degrees of freedom (2-DOF) planar serial manipulator is considered. Note that the type of manipulator considered in this paper is also considered in [7] [8] [9] . Using the method of the optimal redistribution of links masses, the minimization of the driving torques of the 2-DOF serial manipulator was considered in [7] . The same optimization problem was considered in [8] by using the counterweights method [10, 11] . On the other hand, the problem of decoupling of dynamic equations of the manipulator was analyzed in [9] .
The objective of our paper is to evaluate two methods for minimization of dynamic joint reaction forces. One method is based on the use of interpolating polynomials [12] and the second one uses counterweights attached to the manipulator links. To the authors' best knowledge of the literature, these two methods were not applied in the available literature in order to reduce dynamic constraint forces in the all joints of the manipulator. Namely, in [3] the method of optimal redistribution of link masses was used, while in [1] the reduction of joint reactions was achieved by a proper choice of the lengths of the manipulator links. For this purpose a new method for the determination of joint constraint forces in a symbolic form is proposed. The method is based on the use of the Lagrange equations with the multipliers [13, 14] , velocity transformations [15] , and the equimomental system representation of the manipulator links. For the other methods of determination of joint reactions see [16] and the references cited there.
2. Dynamics of a two-link planar manipulator using equimomental systems of two point masses and velocity transformation
Let us consider a 2-DOF planar serial manipulator shown in Figure 1 . The manipulator links connected to each other and to the base via revolute joints are modeled as homogeneous beams. Masses of the links are m 1 and m 2 , while lengths of the links are L 1 and L 2 . The manipulator is placed in the vertical plane Oxy and carries a payload A of mass m p . By the angles ϕ 1 and ϕ 2 depicted in Figure  1 are denoted the angular displacements of the manipulator links relative to the base. The torques τ 1 and τ 2 shown in Figure 1 represent the driving torques acting in joints O 1 and O 2 , respectively. Each of the manipulator links can be, according to [17] , represented by a dynamically equivalent system (equimomental system) of two point masses as it is shown in Figure 2 . In Figure 2 , J 1 and J 2 are the centroidal moments of inertia in directions normal to the links 1 and 2, respectively. Note that the manipulator link and the two point mass system introduced are dynamically equivalent (equimomental) because they have the same mass, the same mass center, and the same inertia tensor determined with respect to the mass center of the link (see [2] ). For one-dimensional links (straight rods) used in this paper, the minimum number of point masses containing in the equimomental systems equals two [6] . Note that the optimization techniques based on interpolating polynomials and counterweights allow the use of equimomental systems containing two point masses. Moreover, the use of the method of the optimal distribution of the link masses requires equimomental systems with three point masses (see [4] [5] [6] [7] ). Using the equimomental system shown in Figure 2 , the kinetic energy of the manipulator can be written as: T is the vector of the Cartesian coordinates, and x i (i = 1, . . . , 4), y i (i = 1, . . . , 4), x p , and y p are the Cartesian coordinates of point masses and payload, respectively, with respect to the inertial frame Oxy. Here an overdot denotes the derivative with respect to time. The coordinates of point masses may be expressed in terms of angles ϕ 1 and ϕ 2 after that the following relation can be formed:
where B ∈ R 10×2 is the velocity transformation matrix which is a function of the generalized coordinates ϕ 1 and
T is the vector of generalized velocities. The time derivative of Eq. (2.2) yields:
252ŠALINIĆ, BOŠKOVIĆ, AND BULATOVIĆ
Finally, using the Lagrange equations of the second kind [14, 18] , the differential equations of motion of the manipulator can be formed as follows:
T is the vector of generalized forces associated with the generalized coordinates ϕ i (i = 1, 2), respectively, and q = [ϕ 1 , ϕ 2 ] T . Based on Eq. (2.1), the left-hand sides of Eq. (2.4) can be written as (see [15] ):
According to Eqs. (2.2), (2.3), and (2.5) the differential equations (2.4) take the form:
Determination of dynamic joint reaction forces
Since dynamic joint reaction forces are considered, in the further consideration g = 0 it is taken out, where g is the gravitational acceleration. In this paper, the determination of dynamic joint reaction forces of the manipulator considered is based on the general method for determination of constraint reaction forces described in [13, 14] . According to [13, 14] , to determine reaction forces in the joints O 1 and O 2 , these joints are cut imaginary (see Figure 3) . After the joints have been cut the number of degrees of freedom of the manipulator is increased by four. In regard to this, four new coordinates, s 1 , s 2 , s 3 , and s 4 , are involved that referred to the prohibited motions in the joints as it is shown in Figure 3 . Now, the manipulator motion can be observed as the motion with the redundant coordinates s 1 , . . . , s 4 subject to the following constraints:
Now the relations (2.2) and (2.3) take the form:
where s = [s 1 , . . . , s 4 ] T and B 1 ∈ R 10×4 is a constant matrix. After that, using the Lagrange equations with the multipliers [14, 18] , the differential equations of motion of the manipulator depicted in Figure 3 read:
where
. . , 4) and λ r (r = 1, . . . , 4) are the Lagrange multipliers of constraints. Since it is assumed that g = 0, for the manipulator considered one has that:
and, based on Eq. (3.1):
where δ rj is the Kronecker delta symbol [14, 18] . Similarly to Section 2, the differential equations (3.2) and (3.3) can be written in the following matrix form: 
MḂq, or in developed form:
, where the notation (•) 0 means that the quantity (•) is calculated for s i (t) ≡ 0(i = 1, . . . , 4). Now, the magnitudes of dynamic reaction forces in joints O 1 and O 2 are
Formulation of the optimization problem
Similarly to [3] , an objective function is defined as follows:
where w 1 and w 2 are the weighting factors whose values are w 1 = w 2 = 0.5, δ is the number of discrete positions of the manipulator over the interval (0, t f ], t f represents time for which the motion has to be completed,
, and t i = (it f )/δ is the instant corresponding to the ith discrete position of the manipulator. Note that if objective is to minimize reaction R T that minimize the objective function (4.1) and subject to equality constraints:
as well as inequality constraints:
where b * and b * * are constants. The choice of design variables as well as the constraints (4.2) and (4.3) depends on the choice of optimization methods. In this paper, the differential evolution [19] is applied to minimize the objective function (4.1) subject to the constraints (4.2) and (4.3). The differential evolution represents an evolutionary optimization technique, which is simple for using, fast in convergence to the global minimum solution and has many other advantages as compared to the conventional optimization algorithm (for more details see [19] ). In the further numerical computations the following values of the control variables of the differential evolution are used: crossover probability constant CR = 0.5, scaling factor M F = 0.6.
Numerical examples
Numerical simulations in this section concerning to the unoptimized (original) manipulator were carried out for the combination of the manipulator parameters given in [9, 20] , that is:
Also, it is taken that δ = 200. For these values of the parameters, the function F has the value F * = 0.220271 N. Note that at the initial and terminal instants of motion the angular speeds and the angular accelerations of links are equal to zero.
5.1.
Optimal selection of the angular rotations laws of the manipulator links. Let us assume the angular rotations laws in forms of interpolating polynomials [12] as follows:
imply the following constraints on the polynomials coefficients: The design variables are defined as:
The optimization problem is solved under the equality constraints (5.1)-(5.6) and the following inequality constraints:
In this case, the solution of the minimization problem reads: 5.2. Using counterweights to minimize dynamic joint reaction forces. In this section, in order to minimize dynamic joint reaction forces, the counterweight method [10, 11] is used. The counterweights are attached to the manipulator links in the same way as in [8, 9, 21 ] (see Figure 5 ). Let us denote by m 1d and m 2d the masses of counterweights. The locations of the counterweights with respect to the manipulator links are specified by the distances r i (i = 1, 2) between the mass centers of counterweights and the joints (see Figure 5 ). In this case, applying the method described in Section 3, the following expressions for the components of dynamic joint reaction forces are obtained:
Here the set of design variables is defined as:
and only the inequality constraints From Figure 6 it can be observed that using the method of counterweights the dynamic reaction force in joint O 1 is canceled. Analytic conditions for this can be obtained from Eqs. (5.7)-(5.10) as follows:
Note that the values (5.11) satisfy the conditions (5.12) and (5.13). Similarly to [9] , the practical realization of the considered counterweights method can be achieved by means of movable inertias m 1d and m 2d connected to the links 1 and 2, respectively, by prismatic joints.
Conclusions
In this paper, a method for the determination of joint reaction forces in 2-DOF planar serial manipulators in a symbolic form based on the use of the Lagrange equations with multipliers, velocity transformation technique, and equimomental systems consisting of two point masses has been presented. The extension of the method to systems consisting of n planar links interconnected by revolute joints is straightforward. The proposed method of determination of joint reaction forces is computationally more efficient than the method from [16] because our method uses equimomental system representations of the manipulator links and does not require the computation of the following kinematic characteristics of the links: angular velocities, angular accelerations, velocities and accelerations of the links mass centers. The method has been applied to solve the problem of minimization of dynamic joint reaction forces. The evaluation of both the interpolating polynomials method and the counterweights method has been conducted. It has been shown that complete canceling of the dynamic joint reaction force in joint O 1 is achieved by means of the counterweights method. Note that the method of formulation of equations of motion described in Section 2 can be used as an alternative to [4] [5] [6] (the method based on the Newton-Euler equations) as well as to [7, 20] (the method based on Newton's equations of linear motion of particles). The obtained results are valuable for the improvement of the dynamic performance of the considered type of manipulators.
